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Abstract: The notion of uniform equicontinuity in measure at zero for sequences of additive 
maps from a normed space into the space of measurable operators associated with a semifinite 
von Neumann algebra is discussed. It is shown that uniform equicontinuity in measure at zero on 
a dense subset implies the uniform equicontinuity in measure at zero on the entire space, which 
is then applied to derive some non-commutative ergodic theorems. 
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1. Introduction and preliminaries. Let //) be a measure space. Denote by Cq (£) the 
set of equivalence classes of all (respectively, almost everywhere finite) real or complex valued 
measurable functions on Q. If X is a given set and a n : X — >■ C, n = 1,2,..., let 

a*(x) = sup |a n (x)|, 

n 

The function a* : X — > Co is called a maximal operator associated with the family {a n }. 

Let now (X, | • |) be a normed space, a n : X — > L a sequence of additive maps, r M the 
measure topology in £. The r M -continuity of a* at zero means that, for any given e > 0, 5 > 0, it 
is possible to find such 7 > that x 6 X and \x\ < 7 would imply that there exists a measurable 
set E C for which the conditions 

/j l (fl\E)<e and ||o*(x)x£;|| 00 < S 

hold. (Here || ■ ||oo is the uniform norm in C°° = £°°(Q) and \e is the characteristic function of 
the set E.) 

Proposition 1. If {a n (x)xE}i > C C°° , then 

\\a k {x)XE\\oo = sup ||a n (rc)xE|U- 

n 

Proof. It is enough to show and easy to see that, given A > 0, sup n ||a n (x)x_E||oo > A if and 
only if ||a*(x)xs||oo > A. | 

Therefore, the r^-continuity at zero of the maximal operator associated with a sequence 
of additive maps a n : X — >■ C is, in fact, the uniform equicontinuity in measure of the family 



1 



{a n } at zero. This will allow us to extend the notion of r^-continuity of the maximal op- 
erator at zero to the non-commutative setting (see the definition below). The importance of 
this notion can be illustrated, for example, by the fact that r M -continuity at zero of the max- 
imal operator associated with a sequence a n : X — >■ C of additive maps implies that the set 
{x E X : {a n (x)} converges almost everywhere} is closed in X (see, for instance, [Ga, p. 3]; also 
[Li, Theorem 2]); thus, almost everywhere convergence of the sequence {a n (x)} for every x in a 
dense subset of X entails its convergence for all x E X. 

Let (H, (•,•)) De a HUbert space, || • || = (-,-) 1 ' 2 , B(H) the algebra of all bounded linear 
operators in H, I the unit of B(H). Assume that M C B(H) is a semifinite von Neumann 
algebra equipped with a faithful normal semifinite trace r. We denote by P(A4) the complete 
lattice of all projections in M. and set e 1 - = I — e whenever e 6 P(M). If {e;}; e / C P(Ai), 
then Vi e iei is the projection on the subspace U te ie l H^ " while A ie ie t is the projection on the 
subspace C] ie ieiH. One can check that (V^ze;) -1 = Anzjej- and (Aigie^)- 1 = \J ie jef. 

A densely- defined closed operator x in H is said to be affiliated with the algebra M if 
x'x C xx' for every x' E B{H) such that x'x = xx' for all x E M. An operator x affiliated with 
M is called r -measurable if for each e > there exists such e E P{M) with r(e ± ) < e that the 
subspace eH belongs to the domain, D x , of x. (In this case of course xe E M.) Let L = L(M, r) 
be the set of all measurable operators affiliated with the algebra M. Denote || • ||oo the uniform 
norm in B(H). The topology t T defined in L by the family 

{V(e,S) = {x EL: \\xe\loo < 8 for some e E P(M) with r(e ± ) < e} : e > 0, 5 > 0} 

of (closed) neighborhoods of zero is called a measure topology. Note that, if one replaces the 
condition HxeHoo < 8 above by generally weaker condition Hexejloo < 8, then the corresponding 
family of neighborhoods of zero generates the same topology t T [CLS, Theorem 2.2]. 

We say that a sequence {x n } C L converges to x E L almost uniformly (a.u.) (bilaterally 
almost uniformly (b.a.u.)) if for every e > there exists such e E P(M) that — x n )e||oo — > 
(respectively, ||e(x — x n )e||oo — > 0). Note that the algebra L is complete with respect to both a.u. 
and b.a.u. convergences [CLS, Theorem 2.3 and Remark 2.4]. 

For a positive self-adjoint operator x = J °° \de\ affiliated with M one can define 



where \x\ = (x^'x) 1 / 2 , the absolute value of x. Naturally, L°° = M. 

In what follows, we shall use the following well-known properties of non-commutative L p - 
spaces without reference. 




If 1 < p < oo, then the non-commutative L p -space associated with (M, r) is defined as 



L p = L p (M,t) = {x EL:\\x 



p ~ 



{T{\x\ P )f/ p < OO}, 
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(i) If 1 < p < oo, x 6 L°° and y e then ||xy|| p < ||x||oo ||y|| p . 

(ii) Given 1 < p < oo, both L p n M and L 1 n M are dense in L p . 

(iii) If 1 < p < oo, x, y 6 L p and < x < y, then \\x\\ p < ||y|| p . 
If X c L, we denote 

X h = {x (E X : x* = x} and X+ = {x e X : x > 0}. 

The following fundamental result of Kadison [Ka] will be used extensively in the sequel. 

Theorem (Kadison's inequality). Let a : M — >• M be a positive linear map such that a(T) < I. 
Then a(x) 2 < a(x 2 ) for every x € M^. 

2. Uniform equicontinuity in non-commutative setting. Let X be any set. If ctj : X — > L, 

i £ I, and e € P(M) are such that {oj(x)e}i e j C M ({ea;(x)e}; e / C M), we denote 

a*(x, e) = sup ||aj(x)e|| 00 I respectively, (x, e) = sup ||ea l (a;)e 

Definition. Let (X, | • |) be a normed space, Xq a subset of X such that 0, the neutral element 
of X, is an accumulation point of Xq. A family an : X — >• L, z € /, of additive maps is called 
uniformly equicontinuous in measure (u.e.m.) (bilaterally uniformly equicontinuous in measure 
(b.u.e.m.)) at on Xq if, given e > 0, 5 > 0, there is such 7 > that for every x £ Xq with 
\x\ < 7 there exists e 6 P(M) for which 

r(e _L ) < e and a*(x,e) < 8 (respectively, al(x,e) < 5). 

Remark 1. As we explained in the previous section, in the commutative case with a countable 
/, the notion of uniform equicontinuity (bilateral uniform equicontinuity) in measure at of 
a family {a;}; e / reduces to r^-continuity at zero of the maximal operator associated with this 
family. 

Lemma 1. [CL, Lemma 1.6] Let (X, +) be a semigroup, and let a n : X — > L be a sequence of 
additive maps. Assume that x € X is such that for every e > there exist a sequence {xk} C X 
and a projection e 6 P(M) such that the following conditions hold: 

(i) {a n (x + Xk)} converges a.u. (b.a.u.) as n — > 00 for each k; 

(11) r(e ± ) < e; 

(iii) a*(xk,e) — >■ (respectively, al(xk,e) — » (L 1 . 
Then the sequence {a n (x)} also converges a.u. (b.a.u., respectively). 
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Theorem 1. (see [CL, Theorem 2.3]) Assume that (X, \ ■ |) is a normed space and a n : X — >• L 
is a sequence of additive maps. If the family {a n } is u.e.m. (b.u.e.m.) at on X, then the set 
C = {x E X : {a n (x)} converges a.u. (respectively, b.a.u.)} is closed in X. 

Proof. We shall consider the case of b.a.u. convergence; proof for the a.u. convergence is similar. 

Fix e > 0. Since the family {a n } is b.u.e. at zero on X, for every given k E N, there is such 
7fc > that x E X and \x\ < jk imply that it is possible to find ek, x £ P(M) for which 

r(eij < |r and a* b (x, e k , x ) < i. 

Pick x E C. Given k EN, let yk E C be such that — x\ < jk- Then, denoting yk~x = Xk, 
let a sequence {e^} C P(M) be such that 

r(ei) < and a* b (x k ,e k ) < p k = 1,2,... . 
We have x + Xk = yk G C for every fc. Also, if e = Ae^, then 

rfe -1 ) < e and al(xk, e) < \ — > 0. 

Consequently, Lemma 1 yields x E C. | 

Let a positive linear map a : L 1 — ^ L 1 be such that < I and r(a(x)) < r(x) for every 
x E L 1 nM with < x < I. Note that, as it is shown in [Ye], ||a(x)|| p < \\x\\ p for each x E L\nM 
and all 1 < p < oo. Besides, there exist unique continuous extensions a : L p — > L p for every 
1 < p < oo and a unique ultra- weakly continuous extension a : M — > M. 



If x E L 1 , denote 

a i 

n 



n — 1 

(1) a n (x) = -Y^a k {x), n = 1,2,... . 

The following theorem due to Yeadon [Ye] plays an important role in this article. 

Theorem 2. // the maps a n : L 1 — > L 1 are given by (1), then, for every x E L 1 and v > 0, there 
is such e E P(M) that 

4||x||i 

r(e ) < and al(x,e) < 4za 

Remark 2. If a; 6 L^_, then e € P(M) in Theorem 2 can be chosen to satisfy 

r(e _L ) < - — — and al(x,e) < v. 
Corollary 1. The family {a n } given by formula (1) is b.u.e.m. at on (L 1 , || • ||i). 
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Corollary 2. If Xq = L 1 fl {x E L°° : ||x||oo < 1}, then the family {a n } given by (1) is u.e.m. 
at on (Xq, \\ ■ ||i). 

Proof. Fix e > and 5 > 0, and let v > and 7 > be such that 2z/ 1/2 < 5 and ^ < e. Take 
x E Xq with ||x||i < 7. Since x 2 E L 1 , Theorem 2 implies that there exists such e € P(M) that 
T(e _L ) < 4 ^ - and a^(x 2 ,e) < 4ia Then we have r(e ± ) < < e and, by virtue of Kadison's 
inequality, 

||o n (a;)e|| 2 = ||ea n (x) 2 e|| 00 < ||ea n (a; 2 )e|| 00 < Av for every n, 
implying that a*(x, e) < S. | 



3. Reduction to a dense subset. In this section we will show that the problem of determining 
whether a sequence of t T -continuous additive maps is u.e.m. (b. u.e.m.) at on a given set can 
be reduced to considering a dense subset of this set. 

Lemma 2. If y E L and e E P(M) are such that ye E M, then 

||ye||oo = sup ||y?7||. 
V eeH, |M|=i 



Proof. We have 



1 n yer? \yen\\ 

|ye||oo = sup < sup - — r = sup \\yrj\ 

r,jt0 \\V\\ erj^O \\ei]\\ r,£eH, ||r?||=l 



On the other hand, 



sup \\yn\\ = sup \\yerj\\ < sup \\yerj\\ = \\ye\\oo, 

■qGeH, |M| = 1 v&eH, |M| = 1 IMI = 1 

and the desired formula follows. | 

Lemma 3. If y E L and f,gE P(M) are such that yf,yg E L°° , then 

WvU Vy)|U = maxflly/Hoo, ||yy||oo}- 
Proof. Using Lemma 2, we can write 

\\y(f vy)||oo = sup IIHI = su p IMI = 

V e(fVg)H, |M| = 1 r,efHU 9 H, ||r,|| = l 



max sup ||yry||, sup ||yry|| } = max {||y/||oo, Halloo}- 

Ue/tf, |M| = 1 ||„||=1 
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Proposition 1. (i) If y <E L, {e n }j > ° C P(M), and 5 > are such that sup n Hye^c*, < 5, then 
1 1 ye 1 1 cc < 5, where e = Ve n ; 

(ii) if y 6 L, {e ra }f° C P(M), and S > are such that sup n He^e^oo < 5, then ||eye||oo < 5, 
where e = Ve n . 

Proof, (i) Take r\ G Ue n H^ . Without loss of generality, there is rj n 6 e n H, n = 1,2, such 
that \\ri — rj n \\ —> 0. Then, utilizing Lemma 3, we obtain 

WWm ~ VVn\\ = \\y(e m V e n )r] m - y(e m V e n )i] n \\ < 

< ||y(e m V e n )|| 00 ||?7 m - r) n \\ < 5\\r) m - rj n \\ ^ asm.n^O. 

Thus, we have n n — > r\ and yi? n — >• fy for some fj <E H. Since y is closed, it follows that n <E D y 
and yr) = fj. Consequently, 

\\yn\\ = lim \\yrj n \\= lim ||ye„ry n || < lim ||ye„||oo||?7n|| < S\\r)\\, 

n— >oo n— >oo n— >oo 

which implies that \\yen\\ = \\yri\\ < b~\\r]\\, hence ||ye||oo < S by Lemma 2. 

(ii) Since \y l ^ 2 e n \ 2 = e n ye n € M, we have \y x l 2 e n \ 6 M, hence y x l 2 e n e M for every n. 
Therefore, we can write 

WlJ ^ ^nlloo = ll^nyCn||oo — ^ = L 2, ... , 

which, by (i), implies that ||y 1 / 2 e|| 00 < 5 1//2 . Thus 

||eye||oo < ||ey 1/2 ||oo||y 1/2 e||oo = ||y 1/2 e|| 2 X) < 5. 

I 

Theorem 3. Let (X, | • |) be a Banach space, and let a n : X — >• (L, i T ) 6e a sequence of continuous 
additive maps. If the family {a n } is b.u.e.m. at on a set Xo c X such that {a n (x)} C L + for 
all x e Xo, where Xq is the closure of Xq in X, then it is also b.u.e.m. at on Xo. 

Proof. Fix e > and 5 > 0. There exists 7 > such that x € Xo and |x| < 7 entail al(x, e x ) < | 
for some e x G P(M) with r(e^) < §. 

Let x € Xo and |x| < 7. Then there is a sequence {xk} C Xo satisfying conditions \x — Xk\ — > 
and \xk\ < 7 for every k. Consequently, we can find a sequence {e^} C P(M) such that 

6 (5 

r ( e fe ) < 3 and a* b (x k ,e k ) < -, k = 1,2, ... . 

Fix X e N and take any 1 < n < N. Since a n is i r -continuous at 0, it is possible to find 
such 7 n > that \x — x k \ < 7n would imply that a n (x — x k ) G V (g^r, §)• Then, setting 7 = 
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rain {71, 7^} and choosing Un such that \x — Xk N | < 7, we infer that a n {x — Xk N ) 6 V (j^k, f ) 
for every n = 1, N. Therefore, there exists such /jv n 6 P(M) that 

6 S 
r(fNn) < JT^ 1 1 - 71 - N ' ™ < a ^ll a "^~ Xfe iv)/jVn||oo < 2' 

If we put f N = A% =1 f Nn , then 

6 (5 

T (/iv) < o aIld maX H a "( X ~ X fciv)/w||oo < 77- 
O n<N Z 

If /ijv € P(M) is chosen such that r(hj^) < | and {a n (a:)/ijv}^ =1 C M, then, defining c/jv = 
efcjv A /at A /ijv, we have r(gj^) < e and 

max||#jvan(V)5AH|oo < max ||0jvan(z - x kN )gN\\oo + max ||#jva n (£fciv)Siv||oo < 

n<N n<N n<N 

< max||a n (a;-a;fe JV )/jv||oo + max ||e fcjv a n (x fcjv )ei ;jv ||oo < 5 

n<N n<N 

for every N. 

Let g = /\ n y N> n gN- Then g 1 - = V n AN> n gN, which implies that Ajv>n5iv fi 1 " 1 " as n ^ 00, 
so rtjr 1 ) = sup n r(AAr> n g^) < swp N r(gjf) < e. To show that a* b (x,g) = sup n \\ga n (x)g\\ 00 < 8, 
fix n. Since sup n<JV ||gjvan(£)5 , jv||oo < 5 f° r every iV, we have \\gNO, n (x)gN\\ 00 < <5 whenever 
N > n. Taking into account that x 6 Xo, hence a n (x) € L+, and applying Proposition 1 (ii) , we 
arrive at || {V N > n g N )a n (x)(V N > n g N ) ||oo < 5. Therefore ||sra n (aOfl , ||oo < 5 since g < V N > n g N for 
each n. 

Thus, for any given e > 0, 8 > 0, it is possible to find such 7 > that x € Xq and |x| < 7 
entail the existence of such g 6 P(M) that T(g ± ) < e and al(x,g) < 8. This means that the 
family {a n } is b.u.e. at on Xq. | 

Repeating the procedure in the proof of Theorem 3 and applying Proposition l(i), we obtain 
the following. 

Theorem 4. (cf. [Gu, Theorem 3.1.1]) Let X be a Banach space, and let a n : X — > (L,t T ) be a 
sequence of continuous additive maps. If the family {a n } is u.e.m. at on a set Xq C X, then 
it is also u.e.m. at on the closure of Xq in X. 

4. Individual ergodic theorems. Individual ergodic theorems in L p -spaces associated with 
a semifinite von Neumann algebra for 1 < p < 00 where established in [JX] as an application 
of their maximal ergodic inequalities. Note that the settings of [JX] seem to be different from 
that of [Ye]: a map a in [JX] is initially defined on M and it is assumed that ||a(x)|| 00 < ||a;||oo 
for each x € M, whereas in [Ye] a is initially defined on L 1 and it is shown that it can be 
uniquely extended to an ultra- weakly continuous map on M. In what follows we show how such 
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ergodic theorems, in the set-up of [Ye], can be obtained directly from Theorem 2 with the help 
of Theorems 3 and 4. Everywhere in this section, unless specified differently, 1 < p < oo. 

We start with the following. 

Lemma 4. Let a n : LP — > L, n = 1,2,... . Then the family {a n } is u.e.m. (b.u.e.m.) at on 
(L p , \\ ■ ||p) if and only if it is u.e.m. (respectively, b.u.e.m.) at on {L p + , \\ ■ \\ p ). 

Proof. Let us consider the bilateral case. The "only" part is obvious. To prove the "only" part, 
fix e > and 8 > 0. Then there is such 7 > that x E L p + and ||x|| p < 7 imply that a£(x, e) < | 
for some e € P(M) withr(e J -) < |. 

Take x E LP such that \\x\\ p < 7. Then x = X\ — x<i + i(x^ — X4), where Xi e L p + and 
H^illp < \\x\\ p < 7, i = 1,2,3,4. Therefore, there exists e; e P(M) such that r(e^) < | and 
al(xi, ei) < |, z = 1, 2, 3, 4. Now, if e = A^ =1 e;, then r(e ± ) < e and 

4 

<(a;,e) < ^aKx^e,) < 8, 

i=l 

thus, the assertion holds. | 

Assume now that the family {a n } is always given by formula (1). 
Proposition 2. The family {a n } is u.e.m. at on (L 2 , j| • H2). 

Proof. Since L\ n Af"" 2 = , due to Theorem 4 (with X = (L 2 , || • || 2 ) and X = L\ n M) 
and Lemma 4, it is enough to show that {a n } is u.e.m. at on (L x + fl M, || ■ || 2 ). 

Fix e > and 8 > 0, and let v > and 7 > be such that v < 8 2 and ^ < e. Take 
x 6 fl M with 1 1 re- 1 1 2 < 7- Since x 2 € L^, Theorem 2 (Remark 2) implies that al(x 2 ,e) < v 
for some e € P(M) with r(e ± ) < Jl^-Ui. Then we have r(e ± ) < -^f 2 - < ^ < e and, by Kadison's 
inequality, 

a*(x, e) 2 = sup ||a n (x)e|| 2 K) = sup ||ea ra (x) 2 e|| 00 < sup ||ea n (x 2 )e|| CX) < v, 

n n n 

hence a*(x,e) < 8, and the proof is complete. | 

Theorem 5. For each x € L 2 , the averages (1) converge a.u. to some x e L 2 . 

Proof. Since the map a generates a contraction in the real Hilbert space L 2 h = {x € L? : x* = x}, 
where (x, y) T = r(xy), x, y E L\, it is easy to verify that the set 

H = {x E L 2 h : a(x) = x} + {x - a(x) : x E L? h n M] 

is dense in (L\, \\ ■ H2). Besides, the sequence {a n (x)} converges uniformly, hence a.u., for every 
x E H . 
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Next, by Proposition 2, {a n } is u.e.m. at on (L|, || • H2); therefore, Theorem 1 implies that 
the averages a n converge a.u. for all x € L\, hence, for all x € L 2 . Thus, it only remains to 
notice that its limit x € L? (see, for example, [CLS, Remark 2.4 and Theorem 1.2]). | 

Corollary 3. The averages (1) converge a.u. for all x € L 1 n M. 

Now we provide an alternative ending of the proof of the main result of [Ye]. 

Theorem 6. [Ye] For each x € L 1 , the averages (1) converge b.a.u. to some x € L 1 . 

Proof. Since the set L 1 n M is dense in L 1 and the averages a n converge a.u., hence b.a.u., on 
this set, Corollary 1 and Theorem 1 entail that the sequence {a n (x)} converges b.a.u. for all 
x € L 1 . Besides, by [CLS, Theorems 2.3, 1.2], its limit x € L 1 . | 

Proposition 3. The family {a n } is b. u.e.m. at on (L p , \\ ■ \\ p ). 

Proof. Due to Lemma 4, it is enough to show that {a n } is b. u.e.m. at on (Zq_, || • || p ), which 
in turn, by Theorem 3, would follow from that of {L l + fl M, \\ ■ \\ p ). 

So, let us fix e > and 5 > 0. There exists such t = t(p, 5) that t ■ \ p > A whenever A > |. 
Let v > and 7 > be such that v < ^ and ^ < e. 

Take x € L\ n M such that < 7. We have 

/' 1 1 x 1 1 oo 

r S/2 

P 1 1 1 1 OO /* 1 1 X 1 1 OO 

x = Xde\ = \ Xde\ + / Xde\ < x$ + t / X p de\ < xs + t ■ x p , 

■JO JO Js/2 Js/2 

where x$ = J^ 2 Xde\, so that Ha^Hoo < f and < xs < x implying that x$ 6 L\ n M, which in 
turn entails that ||a n (x5)|| 00 < H^Hoo < f for all n. 

Next, since x € L p + , it follows that x p € Therefore, by Theorem 2 (Remark 2), one can 
find such e € P(M) that r(e ± ) < = ^ < ^ < e and a^(x p , e)<u<^. Then we have 

<(a;,e) < a* h {x 5 ,e) + t- a* b {x p ,e) < sup ||o n (o; ( j)|| 00 + - < S, 

n & 

which completes the proof. | 

Employing Proposition 3 and repeating the argument of Theorem 6, we derive the following. 
Theorem 7. For each x <E L p , the averages (1) converge b.a.u. to some x e LP . 

Proposition 4. Let 2 < p < 00. Then the family {a n } is u.e.m. at on (L p , || • || p ). 

Proof. By Lemma 4 and Theorem 4, it is enough to show that {a n } is u.e.m. at on (L p + fl 
M, || ■ ||p). 
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Fix e > and 5 > 0. Since, due to Proposition 3, {a n } is b.u.e.m. at on (La, || • there 
exists such 7 > that y 6 L2 and \\y\\p < 7 imply that a£(y, e) < <5 2 for some e 6 P(M) with 
r(e ± ) < e. 

If one takes flM with ||x|| p < 7 1 / 2 , then x 2 € and ||x 2 ||e = ||x|| 2 < 7. Therefore, 

there is e e P(M) such that r(e _L ) < e and al(x 2 ,e) < 5 2 , and, applying Kadison's inequality 
again, we arrive at a*(x, e) < 5. | 

Theorem 8. If 2 < p < 00, then, for every x € LP, the averages (1) converge a.u. to some 
x € LP. 

Proof. Since the set L flM is dense in LP and, by Corollary 3, the sequence {a n (x)} converges 
a.u. for every x € L 1 flM, applying Proposition 4 and then Theorem 1, we infer that the averages 
a n converge a.u. for all x 6 LP . The fact that the corresponding limits x belong to L p follows as 
in Theorem 6. | 
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